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Invariant onstrution of solutions to Einstein's eld
equations  LRS perfet uids II
M Marklund† and M Bradley‡
Department of Plasma Physis, Umeå University, S-901 87 Umeå, Sweden
Abstrat. The properties of LRS lass II perfet uid spae-times are analyzed using
the desription of geometries in terms of the Riemann tensor and a nite number of
its ovariant derivatives. In this manner it is straightforward to obtain the plane and
hyperboli analogues to the spherial symmetri ase. For spherially symmetri stati
models the set of equations is redued to the TolmanOppenheimerVolko equation
only. Some new non-stationary and inhomogeneous solutions with shear, expansion,
and aeleration of the uid are presented. Among these are a lass of temporally
self-similar solutions with equation of state given by p = (γ − 1)µ, 1 < γ < 2, and
a lass of solutions haraterized by σ = − 1
6
Θ. We give an example of a geometry
where the Riemann tensor and the Rii rotation oeients are not suient to give
a omplete desription of the geometry. Using an extension of the method, we nd the
full metri in terms of urvature quantities.
PACS numbers: 04.20.-q, 04.20.Jb, 95.30.Sf, 98.80.Hw
Submitted to: Class. Quantum Grav.
1. Introdution
It is well known that manifolds with a metri struture, i.e., geometries, are loally
ompletely determined by a set onsisting of the Riemann tensor and its ovariant
derivatives with respet to a frame with onstant metri omponents ηij , [13℄. This set
will heneforth be alled
Rp+1 := {Rijkl, Rijkl;m1, ....Rijkl;m1....mp+1} ,
where p is suh that the omponents in Rp+1 are funtionally dependent on those in
Rp (as funtions of both the oordinates of the manifold and the parameters of the
generalized rotation group). This desription an be used to lassify geometries [2, 4, 5℄
and also to onstrut new solutions to Einstein's equations in terms of the set Rp+1 [68℄.
A set Rp+1 desribes a geometry i ertain integrability onditions are satised [7, 8℄.
These are equivalent to the Rii equations up to order p + 2 and also part of the
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Bianhi equations if the geometry has isometries (note that the Rii equations in our
terminology also ontain part of the ommutators). If the geometry has isometries one
does not get the full line-element with this method. In [8, 9℄ it was shown how the
method an be extended to give the basis 1-forms ωi, and hene the full line-element in
terms of anonial oordinates, by using the isometry algebra, whih is easily obtained
from Rp+1 [10℄.
In an earlier paper [9℄ one of the authors used this desription to onstrut loally
rotationally symmetri (LRS) perfet uid solutions. The LRS lasses I (stationary
solutions with vortiity) and III (spae-homogeneous with spatial twist) where studied.
The full line-element ould be onstruted from Rp+1 in all ases. In this paper we study
the remaining lass II ontaining solutions that in general depend on both a time-like
and a spae-like oordinate, but have no vortiity or spatial twist. There are sublasses
of stati solutions and spatially homogeneous solutions in this lass. The lass have of
ourse been extensively studied [1126℄ and is perhaps the most physially interesting
among the LRS models sine it ontains, e.g., solutions desribing the gravitational
ollapse of protostars (as far as energy dissipation may be negleted) and relativisti
spherial stars in equilibrium (if one again energy transfer is negleted). In earlier
work one has often assumed spherial symmetry. It is worth pointing out that to many
suh solutions there are orresponding solutions with hyperboli symmetry (on the two-
dimensional surfaes of symmetry).
The set Rp+1 an be obtained from the smaller set S = {Rijkl,Γabi, xα|i}, where
Γabi (
a
b = 1, .., n(n − 1)/2− dim(isotropy group)) are the part of the Rii rotation
oeients that generate the rotations that do not leaveRp+1 invariant, xα (α = 1, ..., n−
dim(orbits)) are essential oordinates on the manifold (i.e., the elements in Rp are
funtions only of xα when the frame is xed) and the oordinate gradients are given
by xα|i := ei(x
α) where ei is the dual basis to ω
i
. Our method have similarities
with the ovariant approah by van Elst and Ellis [11℄, but they use the smaller set
S ′ = {Rijkl,Γabi}. In setion 3 we give an example of two geometries with the same
set S ′, but with dierent xα|i, resulting in dierent seond ovariant derivatives of the
Riemann tensor. Hene the geometries are inequivalent and the set S ′ is not suient
in general to give a omplete loal desription of the geometry. In this setion we also
disuss the general struture of the equations and the possible hoies of oordinates. In
setion 4 the stati ase is treated and the set of equations is (given an equation of state
µ = µ(p)) redued to one integro-dierential equation for the pressure gradient (the
TolmanOppenheimerVolko equation). Spatially homogeneous models are studied
in setion 5. In general the system is redued to two dierential equations. Tilted
models are obtained when the Gaussian urvature K of the 2-surfaes of symmetry
{ dt = dr = 0} equals zero. In setion 6, models depending on both a time-like and a
spae-like oordinate are treated. Some probably new solutions with shear, expansion
and aeleration are given. One lass is haraterized by σ = −1
6
Θ (where σ is shear
and Θ expansion). A lass of temporally self-similar solutions with K = 0 and equation
of state given by p = (γ − 1)µ, where 1 < γ < 2, is also presented. Finally, in setion 7
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the full line-elements are determined with the help of the isometry algebra.
2. Preliminaries
Perfet uids with loally rotationally symmetry (LRS) may be divided into three
separate lasses [9,11,13℄. In [9℄ one of us studied the lasses I and III. Here we treat the
remaining lass II. The vortiity of the uid, the spatial twist of the preferred spatial
diretion and the magneti part of the Weyl tensor all equal zero in this lass.
The energy-momentum tensor for a perfet uid is given by T = (µ+p)u⊗u−pg ,
where u is the 4-veloity of the uid, µ the energy density, p the pressure and g the
metri. We hoose a omoving Lorentz-tetrad, i.e. we selet the tangent basis {ei} and
its dual {ωi}, i = 0, ..., 3, suh that g = ηijωi ⊗ ωj = (ω0)2 − (ω1)2 − (ω2)2 − (ω3)2,
where ω0 = u. The axes are rotated so that the LRS- symmetry lies in the 23-plane,
whih makes our tetrad xed up to rotations in that plane.
As stated above, Rp+1 an be obtained from the set S = {Rijkl,Γabi, xα|i}. Sine
the geometry is assumed to be invariant under rotations in the 23-plane, the Γ23i are
exluded from S. For the same reason there are at most two funtionally independent
elements in Rp+1 and all elements an hene be seen as funtions of two oordinates,
say t and r where t is time-like and r is spae-like. Their exterior derivatives an be
written
dt = Xω0 + Yω1,
dr = xω0 + yω1,
so that the tangent basis vetors e0 and e1 beome
e0 = X∂t + x∂r ,
e1 = Y ∂t + y∂r ,
from whih the oordinate gradients xα|i easily an be read o. The requirement for the
oordinates to be independent is Xy − Y x 6= 0. t is time-like when X2 > Y 2, and r is
spae-like when y2 < x2.
The Riemann tensor for a LRS perfet uid with vanishing magneti part of the
Weyl tensor is given by
R0101 = E − 16(µ+ 3p) , R0202 = R0303 = −12E − 16(µ+ 3p) ,
R1212 = R1313 =
1
2
E − 1
3
µ , R2323 = −E − 13µ ,
where E = E11 and Eij :=Cikjlu
kul = C0i0j denotes the eletri part of the Weyl tensor.
Some of the rotation-oeients are expressible in the kinemati quantities
aeleration ai, expansion Θ, vortiity ωij (whih is zero in our ase) and shear σij
through
−Γ0ij = ∇jui = ωij + σij − 13hijΘ+ aiuj,
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where [27℄
ωij :=hi
khj
l∇[luk], σij :=hikhj l
(∇(luk) + 13hklΘ) ,
Θ:=∇iui, ai:=uj∇jui,
and hij:=uiuj − ηij is the projetion tensor. The hoie of a omoving frame results in
a0 = σi0 = 0, beause of their orthogonality to the uid 4-veloity. From the requirement
of LRS there is only one omponent of the aeleration, a1:=a. The shear will, beause
it is traeless, look like (σij) = diag(0,−2σ, σ, σ). The neessary non-zero rotation
oeients for LRS lass II are then
Γ010 = −a , Γ011 = 2σ + 13Θ := α,
Γ022 = Γ033 = −σ + 13Θ := β, Γ122 = Γ133:=− κ ,
(see [9℄ for the general LRS ase). The rotation oeient κ orresponds to the spatial
divergene of the vetor-eld e1. Thus all rotation oeients are ovariantly dened
beause of the LRS, and we have the following set of funtions determining the geometry
in the generi ase:
S = {E, µ, p, a, α, β, κ,X, Y, x, y, ηij} .
We would like to stress the fat that the variables we have hosen to desribe
the geometry are only singled out beause of their diret orrespondene with the
omponents of the Riemann tensor and the Rii rotation oeients. Any other set
that an reprodue the set Rp+1 ould be used as well.
The funtions in the set S are subjet to the following integrability onditions:
xα|[k,|β|x
β
|l] = x
α
|mΓ
m
[kl] , (2.1)
Rabij = 2Γ
a
b[j,|α|x
α
|i] + 2Γ
am
[jΓ|bm|i] + 2Γ
a
bkΓ
k
[ij] , (2.2)
Rt[ijk] = 0 , (2.3)
Rpq[ij;k] = 0 . (2.4)
Here α, β = 1, 2, ..., l, {ab} = 1, 2, ..., m, t = l + 1, l + 2, ..., n, and {pq} = m + 1, m +
2, ..., n(n−1)/2, where l := n−dim(orbits) and m := n(n−1)/2−dim(isotropy group)
(see Refs. [7,8℄ for a more detailed exposition of the method). For the ase at hand they
are:
Commutator equations
[e1, e0] t = e1(X)− e0(Y ) = X˙Y +X ′y − Y˙ X − Y ′x = Xa+ Y α , (2.5)
[e1, e0] r = e1(x)− e0(y) = x˙Y + x′y − y˙X − y′x = xa + yα, (2.6)
Rii equations
e0(α) + e1(a) = Xα˙ + xα
′ + Y a˙ + ya′ = E − 1
6
(µ+ 3p) + a2 − α2, (2.7)
e0(β) = Xβ˙ + xβ
′ = −1
2
E − 1
6
(µ+ 3p) + aκ− β2 , (2.8)
e1(β) = Y β˙ + yβ
′ = κ(β − α), (2.9)
e0(κ) = Xκ˙+ xκ
′ = (a− κ)β, (2.10)
e1(κ) = Y κ˙+ yκ
′ = −1
2
E + 1
3
µ+ κ2 − αβ, (2.11)
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Bianhi equations
e0(E +
1
3
µ) = X
(
E˙ + 1
3
µ˙
)
+ x
(
E ′ + 1
3
µ′
)
= −(3E + µ+ p)β, (2.12)
e1(E +
1
3
µ) = Y
(
E˙ + 1
3
µ˙
)
+ y
(
E ′ + 1
3
µ′
)
= 3Eκ . (2.13)
Here we have used the notation f˙ := ∂tf and f
′ := ∂rf .
Observe that the yli equations Rt[ijk] = 0 are already satised by our hoie of
Riemann tensor.
It might be preferable to replae the eletri part E of the Weyl tensor by the
Gaussian urvature K:=E + µ/3 + κ2 − β2 of the orbits { dt = dr = 0}. The Rii
identities then beome
e0(α) + e1(a) = K − 12(µ+ p)− κ2 + a2 − α2 + β2 , (2.14)
e0(β) = −12K − 12p+ 12κ2 + aκ− 32β2 , (2.15)
e1(β) = κ(β − α), (2.16)
e0(κ) = (a− κ)β , (2.17)
e1(κ) = −12K + 12µ+ 32κ2 − 12β(2α + β) . (2.18)
The Gaussian urvature K satises the equations
e0(K) = XK˙ + xK
′ = −2βK , (2.19)
e1(K) = Y K˙ + yK
′ = 2κK , (2.20)
whih an be used to replae the Bianhi equations.
3. General onsiderations
In this setion we disuss the hoie of oordinates, the algorithm for solving the
equations in the generi ase and give an example of where essential information about
a geometry is hidden in the oordinate gradients.
First maybe a word about the meaning of suient and neessary onditions is at
hand. The equations (2.5)(2.13) are suient, i.e., a solution to them really desribes a
geometry, but the onsisteny equation for, e.g., (2.8)(2.9) ould give new equations
(in this paper one of the twie ontrated Bianhi identities) that are helpful in solving
the set of equations.
In general, there exists several ways to hoose ones oordinates. Components of
the urvature tensor, the rotation oeients, and/or the oordinate gradients may be
used as oordinates.
If we hoose some of the rotation oeients as oordinates, this is in line with
the integration proedure in the GHP formalism [28℄ suggested by Held [29, 30℄ and
developed further in several papers by Edgar [31℄ and Edgar and Ludwig [3234℄.§ The
ommutators will generate Bianhi type equations, i.e., equations ontaining derivatives
of the Riemann tensor omponents. In general there may be new equations among these
(see setion 3.1).
§ In [31℄ Edgar also pointed out the neessity of the ommutator equations in the GHP formalism.
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3.1. The generi ase
The theory developed in [7,8℄ now assures that a solution to the ommutator equations
(2.5)(2.6), the Rii equations (2.7)(2.11) (or equivalently equations (2.14)(2.18)),
and the Bianhi equations (2.12)(2.13) (or equivalently equations (2.19)(2.20))
desribes a LRS perfet uid solution to Einstein's equations. Sine some of the
quantities appear dierentiated in more than one equation (κ, β and K) it ould be
helpful to alulate the onsisteny onditions that these equations give rise to. These
are
[e1, e0] f =
(
Γk01 − Γk10
)
ek(f) = ae0(f) + αe1(f)
where f is κ, β or K respetively. By ating with e0 and e1 on (2.8)(2.11) one then
gets
e0(µ) = − (α + 2β) (µ+ p) , (3.1)
e1(p) = a(µ+ p) , (3.2)
i.e., the twie ontrated Bianhi equations (note that these are not ontained in
equations (2.19)(2.20)), whereas the ommutator relation ating on K is identially
satised.
Let us rst look at the generi ase when two funtionally independent quantities
an be found among κ, β and K. As an example we hoose β and κ as the oordinates
t and r. Equations (2.15)(2.18) then give
X = −1
2
K − 1
2
p+ 1
2
κ2 + aκ− 3
2
β2 ,
Y = κ (β − α) ,
x = (a− κ)β ,
y = −1
2
K + 1
2
µ+ 3
2
κ2 − 1
2
β (2α + β) .
This hoie an be made as long as Xy − Y x 6= 0. The ommutator equations
(2.5)(2.6) are now identially satised due to (2.14)(2.18) and (3.1)(3.2) (naturally,
sine the ommutators on t and r now oinide with the ommutators on β and κ).
We hene may use the twie ontrated Bianhi equations (3.1)(3.2) instead of the
ommutators (2.5)(2.6) and we get the same set of equations as in [11℄ (our set of
equations (2.7)(2.13) and (3.1)(3.2)).
Using equations (2.15)(2.18) for dening X, x, Y and y there now remains ve
dierential equations to solve, (2.14), (2.19)(2.20), and (3.1)(3.2). From (2.14) we see
that one of a and α, say a, may be freely speied. The system is then integrable sine
the ommutator ating on K is identially satised and we just have one equation for
eah of α, µ and p. More natural would of ourse be to speify an equation of state
p = p(µ). Instead of equation (3.2) we then get
e1(µ) = a(µ+ p)
(
dp
dµ
)−1
. (3.3)
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Figure 1. Boundary value speiation when p = p(µ).
The onsisteny ondition for equations (3.1) and (3.3) (as equations for µ) is then
e1(α) + e0(a)
(
dp
dµ
)−1
= 2κ(α− β)− aα
(
dp
dµ
)−1
+ a(α + 2β)− a(α + 2β)(µ+ p)d
2p
dµ2
(
dp
dµ
)−2
. (3.4)
Equations (2.14) and (3.4) may be onsidered as developing equations along e0 for
α and a respetively. They may then be speied on a three dimensional spae-like
hypersurfae (sine α and a are speied on this surfae, their gradients along e1, whih
is tangent to the surfae, may be alulated) (f. e.g. [35℄). We hene have the following
problem to solve (see gure 1): Given an equation of state p = p(µ), the development
of µ, K, α and a is given by (3.1) and (3.3), (2.19) and (2.20), and (2.14) and (3.4)
respetively, with α and a speied on a spae-like hypersurfae orthogonal to e0 and
µ and K speied on a two-dimensional orbit ontained in the hypersurfae. Note that
all these onsiderations are purely loal, sine in a general spae-time a foliation with
spae-like hypersurfaes may not be possible.
3.2. A geometry that is not ompletely determined by the the Riemann tensor and the
rotation oeients
In the example above the ommutators (2.5)(2.6) ould be negleted when the twie
ontrated Bianhi equations where added, but ases when this is not possible do appear.
Assume that all the Rii rotation oeients and all the omponents of the Riemann
tensor only depend on one funtionally independent quantity (whih is hosen as the rst
oordinate). Nevertheless the geometry ould be truly depending on two oordinates, the
seond one appearing rst in the rst ovariant derivative of the Riemann tensor. It must
then be found in one or both of the vetors e0 and e1, sine the rst derivative should
be onstrutible from the vetors, the Riemann tensor and the rotation oeients. We
here give an example of suh a metri. Assume that K = κ = a = 0, that β and
p = −3β2 are onstants and that µ is a funtion of α (hosen to be the rst oordinate).
X is then found to be X = 2β2−α2− αβ. Even if we add all of the Bianhi equations,
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we will not get any more information, and we still have no equations for Y , x or y.
But hoosing them ompletely freely would ontradit the ommutators (2.5)(2.6) and
we hene annot ignore these equations. If we hoose Y as our seond oordinate,
x = −(3α + β)Y from equation (2.5), and (2.6) gives a dierential equation for y:
−3Y 2 − (3α + β)y − y˙ (2β2 − α2 − αβ)+ y′(3α+ β)Y = yα ,
with solution y = (C − 3α)Y 2/ (2β2 − α2 − αβ), where C is a onstant of integration.
The oordinates α and Y will be linearly independent as long as Xy − xY 6= 0,
orresponding to C + β 6= 0. If one now alulates the set Rp+1 one nds the seond
essential oordinate Y in the rst ovariant derivative (e.g. R0101;1 = −βY ) showing
that the metri really is depending on two essential oordinates. Furthermore, the
onstant C appears rst in the seond ovariant derivative (e.g. R0101;11 = −α3β −
α2β2 + 3αβY 2/X − CβY 2/X) showing that metris with dierent C are geometrially
inequivalent, and that the seond derivative is needed to see this.
The 1-forms for this metri are given by (see also setion 7):
ω0 =
C − 3α
(C + β) (2β2 − α2 − αβ) dα−
1
(C + β)Y
dY ,
ω1 =
3α + β
(C + β)Y
dα +
2β2 − α2 − αβ
(C + β)Y 2
dY ,
ω2 = |Y |−β/(C+β) (|α− β|)(3β−C)/[3(β+C)] (|α+ 2β|)(6β+C)/[3(β+C)] du ,
ω3 = |Y |−β/(C+β) (|α− β|)(3β−C)/[3(β+C)] (|α+ 2β|)(6β+C)/[3(β+C)] dv .
4. Stati models
In this ase we have no dependene on the oordinate t, thus we have X = Y = 0. The
funtions β, κ and K then have two dierential equations eah, so that we may obtain
algebrai relations for some of these.
4.1. Stati models with K 6= 0
If K 6= 0 we may solve for β as β = −xκ/y from equations (2.19) and (2.20).
Inserting this denition into equation (2.15), we get an algebrai expression for, say,
K. Combining equations (2.17) and (2.18) and substituting the algebrai equation for
K, we nd x(µ + p) = 0, i.e., x = 0 With x = 0, the ommutator (2.6)gives α = 0,
and from the Bianhi equation (2.19) we see that β = 0. Thus the stati models with
non-planar symmetry are expansion and shear free. From (2.15) we have
K = −p + κ2 + 2aκ , (4.1)
and the remaining dierential equations are
ya′ = 2aκ+ a2 − 1
2
(µ+ 3p) , (4.2)
yκ′ = −aκ + κ2 + 1
2
(µ+ p) , (4.3)
yp′ = a(µ+ p) . (4.4)
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Sine we an hoose one of the funtions as our variable r, we see that there remains to
solve two oupled, ordinary dierential equation.
When we have onstant pressure, equation (4.4) gives a = 0, and equation (4.2)
gives µ+3p = 0. The only remaining equation is (4.3). If κ is onstant we have a spae-
time homogeneous ase, and if κ is non-onstant we may hoose it as our oordinate,
whih implies y = κ2 − p.
When there is a non-onstant pressure, it is natural to take the pressure as our
oordinate. From equation (4.4) we nd y = a(µ+ p). The remaining equations are
(µ+ p)aa′ = a(2κ + a)− 1
2
(µ+ 3p) ,
(µ+ p)aκ′ = κ(κ− a) + 1
2
(µ+ p) .
Most onstraints on these equations will redue the problem to an algebrai one. For
instane, if a = κ, we nd that µ = p + A, where A is an integration onstant, and
κ2 = (3p+ 2A) /3.
We may of ourse use another set of equations than the one hosen above. Instead
of eliminating K with the help of equation (4.1), we may fous on eliminating a as
a =
K + p− κ2
2κ
. (4.5)
This is espeially useful when treating spherially symmetri spae-times, i.e., K > 0.
We dene our radial oordinate r through K := r−2, so that from equation (4.2) we
have
y = −rκ .
Using equation (4.1) to eliminate p we nd that equation (4.3) beomes
dκ2
dr
+
3κ2
r
=
1− µr2
r3
,
whih may be integrated in terms of r and µ:
κ2(r) =
4pir −m
4pir3
,
where we have introdued the mass funtion
m(r) := 4pi
∫ r
0
µ(rˆ)rˆ2 drˆ , (4.6)
and assumed that there are no point masses at the enter (r = 0) of the model.
Eliminating a from equation (4.4) by using equation (4.5), we obtain
dp
dr
= −(µ+ p)(4pipr
3 +m)
2r(4pir−m) , (4.7)
whih is the TolmanOppenheimerVolko equation [36℄. Hene, given an equation of
state p = p(µ), one needs to solve (4.7) together with the denition (4.6) to get the
full solution. In the usual approah with a metri ansatz there will remain one further
equation to be integrated for obtaining the full line-element. Here we see that this is
not neessary for a omplete loal desription of the spae-time.
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We may also take another route in analyzing the equations for stati LRS lass
II spae-times. Sine we only have dependene on one variable, and we only have one
oordinate gradient, we may view y as a lapse funtion. Thus by dening dr := y dR,
equations (4.2)(4.4) beomes an autonomous system of equations:
da
dR
= 2aκ+ a2 − 1
2
(µ+ 3p) ,
dκ
dR
= −aκ + κ2 + 1
2
(µ+ p) ,
dp
dR
= a(µ+ p) .
This set of equations is the starting point for a dynamial systems analysis, although a
hange of variables is in plae to aquire dimensionless quantities and a ompat phase
spae.
4.2. Stati models with K = 0
When K = 0, the Bianhi equations an no longer be used to redue the set of variables
and equations. Instead, we will have
yx′ − xy′ = xa + yα (4.8)
xα′ + ya′ = −1
2
(µ+ p)− κ2 + a2 − α2 + β2 , (4.9)
xβ ′ = −1
2
p+ 1
2
κ + aκ− 3
2
β2 , (4.10)
yβ ′ = κ(β − α) , (4.11)
xκ′ = (a− κ)β , (4.12)
yκ′ = 1
2
µ+ 3
2
κ2 − αβ − 1
2
β2 . (4.13)
Now, if x = 0, the ommutator equation (4.8) beomes α = 0. Equation (4.12)
gives (i) a = κ, or (ii) β = 0. Case (i) gives µ + p = 0, whih is equivalent to vauum
with a osmologial onstant. Case (ii) results in
ya′ = −1
2
µ− 3
2
κ2 − aκ + a2 , (4.14)
yκ′ = 1
2
µ+ 3
2
κ2 , (4.15)
and
p = κ2 + 2aκ .
If we hoose κ = r ⇒ y = µ/2 + 3κ2/2 and equation (4.14) beomes an equation for µ,
while a is an arbitrary funtion.
If x 6= 0, i.e., the metri is manifestly non-diagonal, we an replae equations (4.10)
and (4.13) with two algebrai equations for p and µ:
p = κ2 + 2aκ− 3β2 − 2x(β − α)κ
y
,
µ = −3κ2 + β(2α+ β) + 2y(a− κ)β
x
.
The remaining equations are
yβ ′ = (β − α)κ ,
xκ′ = (a− κ)β ,
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xα′ + ya′ = −y(a− κ)β
x
+
x(β − α)κ
y
−aκ + a2 − α2 + 2β2 − αβ ,
x′y − y′x = xa + yα .
There are in total 6 funtions. Choosing one of the funtions as oordinate, we determine
x or y. Then there are 4 funtions and 3 equations left, thus one of the funtions is
arbitrary (as in the ase x = 0).
5. Spatially homogeneous models
Here we have no dependene on the oordinate r. This will, as in the stati ase, give
some algebrai equations from whih we may express suitable quantities.
5.1. Spatially homogeneous models with K 6= 0
When K 6= 0, we use the Bianhi equations (2.19) and (2.20) to obtain κ = −Y β/X .
From equation (2.18) we then obtain an algebrai equation for K. Using equations
(2.15) and (2.16) is is straightforward to show that Y (µ+ p) = 0, i.e., Y = 0.
The urvature of the 2-surfaes {t = constant, r = constant} is related to the salar
urvature
(3)R of the 3-surfaes of homogeneity through the GaussCodazzi equation.
Using this, we nd that
(3)R = 2K .
If Y = 0, the ommutator (2.5) gives a = 0, and from the Bianhi equation (2.20)
we get κ = 0, while (2.18) beomes
µ = K + 2αβ + β2 . (5.1)
The remaining equations are
Xα˙ = 1
2
K − αβ − α2 + 1
2
β2 − 1
2
p , (5.2)
Xβ˙ = −1
2
K − 3
2
β2 − 1
2
p , (5.3)
XK˙ = −2βK . (5.4)
It turns out this system of equations an be redued to one Riati equation. First we
note that if K is a non-zero onstant, equations (5.2)(5.4) gives β = 0, p = −K ⇒
µ + p = 0 by (5.1). If K˙ 6= 0, we an hoose K as oordinate (so that X = −2βK by
(5.4)), and equation (5.3) beomes linear in β2. Further, if we assume that p = p(K) is
a given funtion, this linear equation may be integrated:
β2(K) = CK3/2 −K + 1
2
K3/2
∫ K
p(Kˆ)Kˆ−5/2 dKˆ .
Thus the equation for α beomes
dα
dK
= F (K)G(K) + βG(K)α+G(K)α2 , (5.5)
Constrution of LRS perfet uids 12
where F (K) := (p− β2 −K)/2 and G(K) := 1/(2βK). The Riati equation (5.5) an
be solved exatly when, e.g., there is some algebrai relationship between the oeients
F and G. Suh a relation will in general lead to an integral equation for the funtion p in
terms of K. Thus, although the hoie of variables leads us to a single equation for these
spae-times, the struture of the remaining equation leads to diulties onerning the
equation of state.
A perhaps physially more suitable hoie of variables is Θ (expansion), σ (shear),
and µ (where we have used that µ and K are interhangeable, by the algebrai equation
(5.1)), whih leads to
XΘ˙ = −1
3
Θ2 − 6σ2 − 1
2
(µ+ 3p) , (5.6)
Xσ˙ = −1
3
Θ2 + 3σ2 − 3Θσ + µ , (5.7)
Xµ˙ = −Θ(µ + p) . (5.8)
Assuming non-onstant density, we an solve equations (5.6) and (5.7) for Θ and σ,
respetively, in terms of µ, if we have a barotropi equation of state.
We an look at the interesting ase when the shear is small, i.e., when the deviations
from isotropy are small. This translates into σ/Θ ≪ 1. Linearizing the equations with
respet to this parameter, we an solve for the expansion and shear in terms of the
density:
Θ2 = F 2/3(µ)
[∫ µ
F−2/3(µˆ)
µˆ+ 3p(µˆ)
µˆ+ p(µˆ)
dµˆ+ A
]
, (5.9)
σ = F (µ)
[∫ µ
F−1(µˆ)
Θ2(µˆ)− 3µˆ
9Θ(µˆ)(µˆ+ p(µˆ))
dµˆ+B
]
,
where A and B are onstants, and F (µ) := exp
[∫ µ
(µˆ+ p(µˆ))−1 dµˆ
]
.
5.2. FriedmannLemaîtreRobertsonWalker models
These spae-times are haraterized by the existene of a 3-dimensional spatial isotropy
group and a 6-dimensional isometry group ating multiply transitively on 3-dimensional
orbits. Therefore E = a = σ = Y = 0, and κ is a redundant variable. (Sine κ is no
longer part of the set S, it is possible for it to depend on some spatial variable). This
of ourse means that there is need for additional Bianhi equations, and we need fewer
Rii equations. It turns out that the additional equations are just the twie ontrated
Bianhi equation (3.1). The redundant Rii equations are the ones ontaining κ. Thus,
(5.2) and (5.4) are the neessary and suient equations. Choosing µ as oordinate and
an equation of state p = p(µ), the system is easily integrated to give equation (5.9).
5.3. Homogeneous solutions with K = 0
When K = 0 it is possible to have tilted models, i.e., models where the matter ow is
not orthogonal to the surfaes of homogeneity. This means that Y 6= 0.
The situation is similar to the plane symmetri stati ase. In fat, the set of
equations beomes the same as equations (4.8)(4.13), with the replaements x, y →
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X, Y and (∂/∂r) → (∂/∂t). For the generi ase with Y 6= 0 the treatment is idential
to the one in the stati ase. For Y = 0, one obtains a = 0 and κ(β − α) = 0, i.e.,
κ = 0 or α = β. In both ases the systems an be ompletely integrated, similarly to
the stati ase.
If one assumes dust, i.e., p = 0, the equations may be ompletely integrated as was
shown already in [37℄. If κ is used as time oordinate, one gets
X = ∓κ2
√
1 + Cκ , Y = κ2 − µ
3Cκ
, β = ±κ
√
1 + Cκ ,
α = ∓ Cκ
2
2
√
1 + Cκ
± µ(3Cκ+ 2)
6Cκ2
√
1 + Cκ
, µ =
3CDκ3
D − κ√1 + Cκ ,
where C and D are onstants of integration. There is also an isolated solution µ = 3Cκ3,
but then Y = 0. If κ annot be used as oordinate, i.e., if it equals a onstant, it also
follows that Y = 0.
6. Inhomogeneous, time dependent models
Herein lies perhaps the most interesting models, suh as ollapsing perfet uids with
an inhomogeneous matter distribution. Sine no speial simpliations appear in this
lass, the system of equations is in general impossible to solve expliitly. One therefore
has to resort to simplifying assumptions. Some speial ases are treated below.
No partiular simpliation is implied by the onstraint K = 0, sine the Bianhi
equations are identially satised by this hoie. The analysis of the system of equations
haraterizing these spae-times an be performed analogously to the ase K 6= 0.
Before turning to the examples we show how our set of equations may be written in
a form similar to that one would obtain from a metri ansatz. In the generi ase with
K 6= 0, we may proeed as follows: Dene a and α through equations (2.5) and (2.6),
thus expressing them as derivatives of the oordinate gradients. Further, dene β and κ
by equations (2.19) and (2.20), respetively. From equations (2.15) and (2.18) we nd p
and µ respetively. We are then left with the seond order equations (2.14), (2.16), and
(2.17) for the variables K, x, y, X , and Y . It is straightforward to show that equations
(2.16) and (2.17) are the same. By performing a oordinate transformation t′ = t′(t, r),
r′ = r′(t, r) it is always possible to get Y = 0 and x = 0, hene making ∂/∂t′ parallel to
the four-veloity of the uid. The remaining freedom in hoie of oordinates are now
transformations of the type r′′ = r′′(r′), t′′ = t′′(t′). With this hoie of oordinates,
equations (2.16) and (2.14) redue to (dropping all the primes)
∂2ξ
∂t∂r
+
∂χ
∂r
∂ξ
∂t
+
∂υ
∂t
∂ξ
∂r
− 1
2
∂ξ
∂t
∂ξ
∂r
= 0 , (6.1)
2eξ − e2υ
[
∂2ξ
∂r2
+ 2
∂2χ
∂r2
− 2
(
∂χ
∂r
)2
+
∂χ
∂r
∂ξ
∂r
+
∂υ
∂r
∂ξ
∂r
+ 2
∂υ
∂r
∂χ
∂r
]
−e2χ
[
∂2ξ
∂t2
− 2∂
2υ
∂t2
+ 2
(
∂υ
∂t
)2
−
(
∂ξ
∂t
)2
+
∂υ
∂t
∂ξ
∂t
+
∂χ
∂t
∂ξ
∂t
− 2∂χ
∂t
∂υ
∂t
]
= 0 , (6.2)
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respetively. Here ξ := lnK, χ := lnX and υ := ln y.
These are essentially the equations one would obtain from a metri ansatz, [26℄,
sine the funtions X , y and K orrespond to the metri oeients (see setion 7).
Non-omoving oordinates has been used by some authors (see [1925℄ and
referenes therein) to analyze spherially symmetri perfet uids (see also [26℄). If
the line-element is to remain diagonal, we must have xX − yY = 0 (see setion 7).
In general, this is a too weak onstraint to yield any signiant simpliations of the
equations, and further assumptions has to be made.
We now ontinue presenting some of the speial ases appearing in this lass of
spae-times.
The shear- and expansion free uid spae-times have α = β = 0, and they
are therefore a bit pathologial beause of their time-dependene (although the stati
subase is of great physial interest). In fat, the equations (2.14)(2.18) and (2.19)
(2.20) redue to
e1(a) =
3
2
K − 1
2
µ− 3
2
κ2 − aκ + a2 , (6.3)
e1(κ) = −12K + 12µ+ 32κ2 , (6.4)
e1(K) = 2κK , (6.5)
(whih are just the stati set of equations when x is zero), with p = −K+2aκ+κ2, and
e0(p) = 2κe0(a) ,
e0(κ) = e0(K) = e0(µ) = 0 ,
where the last equality follows from (3.1). If we align our spatial oordinate so that
x = 0, we see that all the time-dependene appears in p, a, and the gradients of the
oordinates. This is a manifestation of the fat that this type of solution may be
generated from a stati solution [26℄.
First, suppose that K ′ = 0. Then it is straightforward to show that either K = 0
or µ + p = 0. Therefore, if K > 0 (the ase K < 0 an be treated in an analogous
manner), we hoose K := 1/r2 ⇒ x = 0, y = −rκ, and we nd that the ommutator
(2.6) is identially satised. Assuming that µ is a given funtion of r, we may then
integrate equation (6.4) for κ. Alternatively we may dene µ through equation (6.4).
If e0(a) = Xa˙ 6= 0, we an hoose a := t, and Y is given by equation (6.3). Equation
(2.5) an then be integrated for X , sine all other funtions are known.
If e0(a) = 0 (⇔ e0(p) = 0), all the rotation oeients and urvature omponents
depend solely on r. Thus all the time-dependene enters through the oordinate
gradients. This is another example of when the oordinate gradients ontain essential
information about spae-time. If X˙ 6= 0, we take t = X , and Y an be obtained from
(2.5) sine a is in priniple known from equation (6.3). If X˙ = 0 but Y˙ 6= 0, the
analogous result holds.
Shear free uids are haraterized by α = β. If we transform our oordinates
suh that Y = 0, equation (2.16) gives β = β(t). If we make one further oordinate
transformation, to obtain x = 0, we an use equations (6.1) and (6.2) as our eld
Constrution of LRS perfet uids 15
equations. The shear-free ondition an then be stated as υ = ξ/2+ g(r), where g is an
integration funtion. Further, equation (6.1) an be integrated so that χ = − ln ξ˙+f(t),
where f in an integration funtion. Thus, equation (6.2) beomes an equation solely
for ξ, and all the time-derivatives in the last braket drop out. We dene our spatial
oordinate r by hoosing a speial form of the funtion g.
6.1. Aeleration free uids (inluding dust)
For onstant pressure the equations may be ompletely integrated, as is indiated in [26℄.
If one hooses Y = x = 0 it follows from (3.2) that the pressure is a funtion of t only.
From (2.6) one gets that also X only depends on t. We then still have the freedom to
make X = 1 by performing a oordinate transformation t′ = t′(t). This is in aordane
with the possibility to hoose a synhronous and omoving frame for non-aelerated
matter [38℄. Note that this hoie ould ontradit an arbitrary hoie of oordinates
from Rp+1. From equations (2.19) and (2.17) it then easily follows that
K = κ2f 2(r),
where f(r) is an arbitrary funtion of r. The subsequent solving of the equations is
greatly simplied if we introdue the funtion S by
S := − 1
κf
.
As will be seen in the last setion, S2 will then appear in the metri in front of dΩ2.
The remaining quantities may then be expressed in terms of S as
y =
1
fS ′
, α =
S˙ ′
S ′
, β =
S˙
S
,
µ = 2
f ′
f 3SS ′
+
1
S2
− 1
f 2S2
+ 2
S˙S˙ ′
SS ′
+
S˙2
S2
,
and S is given by the following equation
S¨S +
S˙2
2
+
1
2
− 1
2f 2
+
pS2
2
= 0 ,
(see also [26℄). The pressure p = p(t) is free to speify. If p is a onstant one may solve
for t as a funtion of S and r. The solution is given by
t(S, r) = ±
∫ S√ Sˆ
Sˆ(f−2 − 1) + g − 1
3
pSˆ3
dSˆ + h ,
where g and h are arbitrary funtions of r. If p = 0 the integral may in fat be expressed
in terms of elementary funtions. Even if one annot solve for S = S(t) in general, one
an get an expliit line-element by hanging oordinate from t to S. O-diagonal terms
will then of ourse be introdued in the line-element.
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6.2. Fluids with all kinematial quantities non-zero
Kitamura [39℄ found a lass of solutions with non-zero shear, expansion, and aeleration,
generalizing the results of Gutman and Bespal'ko [40℄ (a solution redisovered by
Wesson [41℄), Lake [42℄, Van den Bergh and Wils [43℄, Collins and Lang [44℄, Coley
and Tupper [45℄, and Sussman [46℄. The solution of Kitamura an be obtained using
the equations presented here with the assumptions x = Y = 0, X = −y, a = κ, and
α = α(t).
Using non-omoving oordinates, Knutsen [24℄ found a spherially symmetri
perfet uid solution with shear, expansion and aeleration. This solution is from
a physial point of view quite well behaved, but as shown in [24℄ it an not be mathed
to a vauum exterior. Also, it turns out that in general it is not possible to use omoving
oordinates to express the solution in terms of well known analyti funtions [24℄.
Another solution with all kinemati quantities non-zero, whih is new to the authors
knowledge, may be found with the ansatz
Y = x = 0 , K = f(t)/r2 ,
α = 0 , a = κ .
The form of K denes the oordinate r, while retaining some freedom in the hoie of
time-oordinate.
From equation (2.17) we see that κ = κ(r), and from equations (2.20) and (2.5) we
nd
y = −κr , X = g(t)
r
.
where g is an integration funtion. Further, equation (2.16) an be integrated so that
β =
F (t)
r
,
and inserting this into the Bianhi equation (2.19) we have
gf˙ + 2Ff = 0 , (6.6)
whih we use to dene g. Expression for p and µ an be obtained from equation (2.14)
and (2.15) respetively:
p =
3f
r2
− 2µ− 3κ2 + 3F
2
r2
, µ =
2f
r2
− 3κ2 + 3F
2
r2
+
gF˙
r2
.
Inserting this expression for µ in equation (2.18), we an integrate and nd
κ2 =
Ω
2
1
r2
− B , F 2 = Cf 2 − f + Ω
2
,
where Ω, B and C are onstants. With this, µ = p+ 6B. f may be hosen as the time
oordinate t.
We also see that µ = Cf 2/r2 + 3B, so that µ is monotonially dereasing with
inreasing r, as is p. The uid as suh is thus reasonably well behaved, although
it harbours a singularity at r = 0, but unfortunately it an not be mathed to the
exterior Shwarzshild solution. The reason for this is the following: Among the juntion
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ondition (using the DarmoisIsrael mathing proedure [47,48℄) on the mathing surfae
are a = aext and κ = κext, where we have used the subsript ext to denote the
orresponding quantities for the exterior solution. For the partiular uid solution
presented here (and also for the solution of Kitamura), we have a = κ. Sine this
should hold on the juntion surfae, we have aext = κext on that surfae. If we denote
Swarzshild's radial oordinate by R, the latter ondition gives a onstant mathing
radius R = 3m (where m is the mass parameter of the Shwarzshild solution). On the
other hand, from the remaining mathing onditions on nds that the mathing radius
is a time-dependent quantity, thus giving a ontradition. This problem also arises in
Knutsen's solution.
It is straightforward to show that Kitamura's solution and the solution presented in
this setion are not generially equivalent. Equivalene an be obtained for ertain values
of the integration onstants, but with arbitrary values of the integration onstants in the
two solutions there is no equivalene. Also, our solution is not equivalent to Knutsen's.
6.3. Spae-times with a homotheti motion
If spae-time is self-similar, i.e., has a homotheti Killing vetor ξ the eld equations (for
the LRS ase) are redued to ordinary dierential equations (see [49℄ for a review). This
is not the only reason for studying these spae-times. They often ontain interesting
physial phenomena like, e.g., shok waves, blak hole formation, evolution of voids,
possible violation of osmi ensorship, et. [5057℄. Spae-time has a homotheti Killing
vetor if
ξµ;ν + ξν;µ = 2cgµν ,
where the onstant c may be hosen to c = 1. If the oordinate u is adapted to the
homotheti vetor, so that ξ = ∂u, it is easy to show that all omponents of the metri
will depend on u as gµν = e
2ug0µν , where g
0
µν is independent of u. It then follows that the
omponents of the frame vetors ei depend on u as e
−u
. The Rii rotation oeients
γijk also depend on u as e
−u
and the Riemann tensor Rijkl as e
−2u
(see also [58℄).
Inserting this into the IC (2.5)(2.13) gives a system of ordinary dierential equations.
Note that we no longer an put x = Y = 0 in general, sine this ould ontradit
the hoie ξ = ∂u. However, it is still possible to perform a oordinate transformation
u′ = u + f(v), where v is the other essential oordinate, giving ξ = ∂u′ . Hene the
funtional dependene on u′ will be the same as on u. With suh a transformation it is
possible to remove Y in the time-like ase and x in the spae-like.
Conerning the equation of state we have the following well known result: If we
assume that the equation of state is barotropi, i.e., p = p(µ) (whih is reasonable in
the ase of a perfet uid), the homotheti motion gives p = (γ − 1)µ, where γ is a
onstant.
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Temporal self-similarity Here t = u. In general the system still gets quite ompliated:
β ′ =
κ
y
(β − α) ,
κ′ =
κ2
y
+
aβ
x
,
(
x
y
)′
=
xa
y2
− xκ
y2
+
α
y
− β
y
,
xα′ + ya′ = µ− 3y
x
aβ + a2 − α2 − aκ− 2αβ ,
supplemented by the dening equations
X = β +
xκ
y
,
K = µ+ κ2 − β(2α+ β)− 2y
x
aβ ,
µ =
2
γ
(
aκ+ αβ +
y
x
aβ +
x
y
κα
)
,
a
γ
γ − 1 + α
y
x
γ = 2κ− 2y
x
(γ − 1)β .
When rewritten in terms of dimensionless variables (hosen suh that the phase
spae is ompat), this system (and the orresponding spatial one) has been studied as
a dynamial system in [59, 60℄ (see also [61℄).
We here look at some simple speial ases. The assumption α = β (no shear) gives
β0 := βe
t = onstant, a = 0, K = κ2 and µ = 3β20e
−2t
. If one hooses the oordinate r
as r = x/y one gets
κ = −y
r
= − x
r2
=
(3γ − 2)β0
2r
e−t , X =
3β0γ
2
e−t.
The pressure is given by p = (γ − 1)µ and all values in the interval 1 ≤ γ ≤ 2 are
allowed.
The simpliation x = 0 leads to K = 0 (otherwise one gets µ = 0). If one hooses
the spae-like oordinate r as r = βet the solution is given by
X =
2γ
2− γ re
−t , y =
2− 3γ
2− γ rκ0e
−t , α =
2γ
2− γ re
−t , β = re−t ,
a =
2− 3γ
2− γ κ0e
−t , κ = κ0e
−t , κ20 = r
2 −Dr γγ−1 ,
and
p = (γ − 1)µ = 7γ − 6
2− γ Dr
γ
γ−1 e−2t ,
whereD and γ are onstants. We see that the allowed interval for γ is given by 1 < γ < 2.
The 1-forms are given by (see also setion 7 on how to obtain ω2 and ω3)
ω0 =
2− γ
2γ
et
r
dt , ω1 =
2− γ
2− 3γ
et
κ0r
dr ,
ω2 = r
γ−2
2−3γ e
2−γ
2γ
t dv , ω2 = r
γ−2
2−3γ e
2−γ
2γ
t dw .
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Table 1. Denitions of the quantities used in setion 7.
Case ω F k ξ
Stati ω0| β 1 t, time-like
Spatially homogeneous ω1| −κ 1 r, spae-like
Inhomogeneous and time dependent  0 0 
Note that in these oordinates all the omponents gµν of the metri are not proportional
to e2t. This proportionality may however be ahieved by a oordinate transformation of
the non-essential oordinates v and w.
Spatial self-similarity Here r = u. These spae-times an be analyzed analogously to
the temporal ase. As an example of an exat solution, we look at the ase when Y = 0.
This implies κ = a = −y, α = 0, and µ = p. We nd that κ is a onstant, and
K = µ+ κ2 − β2. If µe2r is hosen as the time-like oordinate one obtains
β2 = µ+ κ2 − Cµ1/2 e−r ,
where C is an integration onstant.
7. The isometry algebra
The isometry algebra may be obtained by projeting the 1-forms onto the orbits by
putting xα = onstant and all generators of the Lorentz group, τ ij, exept τ
2
3 to zero.
Dening ω4 := ω23 = τ
2
3 + γ
2
3iω
i
, the isometry algebra on the orbits is given by (by |
we denote projetion onto the orbits)
k dω = 0 , (7.1)
dω2| = ω3| ∧ ω4|+ Fω ∧ ω2| , (7.2)
dω3| = ω4| ∧ ω2|+ Fω ∧ ω3| , (7.3)
dω4| = Kω2| ∧ ω3| , (7.4)
where ω, F , and k are dened in Table 1.
7.1. Spherial and hyperboli symmetri spae-times (K 6= 0)
When K 6= 0 the integrability onditions give F = 0 (see setions 4 and 5). Depending
on the value of sgn(K) the algebra (7.2)(7.4) has two dierent solutions:
(a) sgn(K) = 1.
ω2| = K−1/2 (− sin ζ dθ + sin θ cos ζ dφ) ,
ω3| = K−1/2 (cos ζ dθ + sin θ sin ζ dφ) ,
ω4| = cos θ dφ+ dζ .
Constrution of LRS perfet uids 20
(b) sgn(K) = −1.
ω2| = |K|−1/2 (− sin ζ dθ + sinh θ cos ζ dφ) ,
ω3| = |K|−1/2 (cos ζ dθ + sinh θ sin ζ dφ) ,
ω4| = cosh θ dφ+ dζ .
For the stati and SH ases, equation (7.1) has the solution ω = dξ.
The line elements are then given by
Stati ase
g =
{
A2 dt2 − y−2 dr2 −K−1 ( dθ2 + sin2 θ dφ2) , K > 0
A2 dt2 − y−2 dr2 − |K|−1 ( dθ2 + sinh2 θ dφ2) , K < 0 ,
where
A(r) = A0e
−
∫ r(a/y) drˆ ,
with A0 a onstant;
SH ase
g =
{
X−2 dt2 − B2 dr2 −K−1 ( dθ2 + sin2 θ dφ2) , K > 0
X−2 dt2 − B2 dr2 − |K|−1 ( dθ2 + sinh2 θ dφ2) , K < 0 ,
where
B(t) = B0e
∫
t(α/X) dtˆ ,
with B0 a onstant;
Generi ase
g =


∆−2 [(y2 − x2) dt2 + 2(xX − yY ) dt dr − (X2 − Y 2) dr2]
−K−1 ( dθ2 + sin2 θ dφ2) , K > 0
∆−2 [(y2 − x2) dt2 + 2(xX − yY ) dt dr − (X2 − Y 2) dr2]
−|K|−1 ( dθ2 + sinh2 θ dφ2) , K < 0
where ∆ := yX − xY .
7.2. Plane symmetri spae-times (K = 0)
If ω = dξ, then the algebra (7.2)-(7.4) has the solution
ω2| = eFξ (cos ζ dv − sin ζ dw) ,
ω3| = eFξ (sin ζ dv + cos ζ dw) ,
ω4| = dζ ,
where v and w are spae-like. Putting F = 0 we obtain the solution to the generi
algebra.
The metris beome
Stati ase
g = A2 dt2 − y−2( dr − xA dt)2 − e2B ( dv2 + dw2) ,
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where
A(r) := Cse
−
∫
r(a/y) drˆ ,
B(t, r) := −
∫ r κ
y
drˆ +Dst ,
with Cs and Ds onstants;
SH ase
g = X−2( dt− Y G dr)2 −G2 dr2 − e−2H ( dv2 + dw2) ,
where
G(t) := Che
∫ t(α/X) dtˆ ,
H(t, r) := −
∫ t β
X
dtˆ +Dhr ,
with Ch and Dh onstants;
Generi ase
g = ∆−2
[
(y2 − x2) dt2 + 2(xX − yY ) dt dr − (X2 − Y 2) dr2]
− e2f ( dv2 + dw2) ,
where f = f(t, r) satises
e0(f) = β , e1(f) = −κ ,
whih is a set of integrable equations due to the integrability onditions.
Aknowledgments
We would like to thank H. Stephani for pointing out some invaluable referenes. We
also thank K. Markström and F. Ståhl at the Department of Mathematis, Umeå
University, for helpful disussions. This work was supported by the Swedish Natural
Siene Researh Counil.
Referenes
[1℄ Cartan E 1946 Leçons sur la Geometrie des Espaes de Riemann (Paris: Gauthier-Villars)
[2℄ Karlhede A 1980 Gen. Rel. Grav. 12 693
[3℄ Brans C H 1965 J. Math. Phys. 6 94
[4℄ Åman J E 1982Manual for CLASSI  Classiation Program for Geometries in General Relativity,
University of Stokholm
[5℄ MaCallum M A H and Skea J E F 1994 SHEEP: A Computer Algebra System for General
Relativity, in Algebrai Computing in General Relativity, Leture Notes from the First Brazilian
Shool on Computer Algebra, Vol. II, Eds. Rebouças M J and Roque W L (Oxford: Oxford
University Press)
[6℄ Karlhede A and Lindström U 1983 Gen. Rel. Grav. 15 597
[7℄ Bradley M and Karlhede A 1990 Class. Quantum Grav. 7 449
Constrution of LRS perfet uids 22
[8℄ Bradley M and Marklund M 1996 Class. Quantum Grav. 13 3021
[9℄ Marklund M 1997 Class. Quantum Grav. 14 1267
[10℄ Karlhede A and MaCallum M A H 1982 Gen. Rel. Grav. 14 673
[11℄ van Elst H and Ellis G F R 1996 Class. Quantum Grav. 13 1099
[12℄ Ellis G F R 1967 J. Math. Phys. 8 1171
[13℄ Stewart J M and Ellis G F R 1968 J. Math. Phys. 9 1072
[14℄ Bogoyavlensky O I and Novikov S P 1975 Trudy Sem. Petrovsk. 1 7 (Engl. transl. 1982 Sel. Math.
Sov. 2 159)
[15℄ Bogoyavlensky O I 1976 Trudy Sem. Petrovsk. 2 67 (Engl. transl. 1985 Am. Math. So. Transl.
125 83)
[16℄ MaCallum M A H 1971 Commun. Math. Phys. 20 57
[17℄ Collins C B 1971 Commun. Math. Phys. 23 137
[18℄ van Elst H and Uggla C 1997 Class. Quantum Grav. 14 2673
[19℄ MVittie G C 1967 Ann. Inst. H. Poinaré A 6 1
[20℄ Knutsen H 1983 Physia Sripta 28 129
[21℄ Knutsen H 1986 Int. J. Theor. Phys. 25 741
[22℄ Knutsen H 1987 Physia Sripta 35 238
[23℄ Knutsen H 1987 Int. J. Theor. Phys. 26 885
[24℄ Knutsen H 1995 Class. Quantum Grav. 12 2817
[25℄ Bonnor W B and Knutsen H 1993 Int. J. Theor. Phys. 32 1061
[26℄ Kramer D, Stephani H, MaCallumM and Herlt E 1980 Exat Solutions to Einstein's eld equations
(Cambridge: Cambridge University Press)
[27℄ Ehlers J 1961 Akad. Wiss. Lit. Mainz, Abhandl. Math.-Nat, Kl. 11 (Engl. transl. 1993 Gen. Rel.
Grav. 25 1225)
[28℄ Geroh R, Held A and Penrose R 1973 J. Math. Phys. 14 874.
[29℄ Held A 1974 Commun. Math. Phys. 37 311
[30℄ Held A 1975 Commun. Math. Phys. 44 211
[31℄ Edgar B 1992 Gen. Rel. Grav. 24 1267
[32℄ Edgar B and Ludwig G 1996 Gen. Rel. Grav. 28 707
[33℄ Edgar B and Ludwig G 1997 Gen. Rel. Grav. 29 19
[34℄ Edgar B and Ludwig G 1997, Gen. Rel. Grav. 29 1309
[35℄ Petrovsky I G 1991 Letures on Partial Dierential Equations (Mineola: Dover)
[36℄ Zel'dovih Ya B and Novikov I D 1971 Relativisti Astrophysis, in Stars and Relativity Vol. 1
(Chiago: The University of Chiago Press)
[37℄ Farnsworth D L 1967 J. Math. Phys. 8 2315
[38℄ Landau L D and Lifshitz E M 1975 The Classial Theory of Fields (Oxford: Pergamon Press)
[39℄ Kitamura S 1994 Class. Quantum Grav. 11 195
[40℄ Gutman I I and Bespal'ko R M 1967 Sbornik Sovrem. Probl. Grav. Tblissi 201
[41℄ Wesson P S 1978 J. Math. Phys. 19 2283
[42℄ Lake K 1983 Gen. Rel. Grav. 15 357
[43℄ Van den Bergh N and Wils P 1985 Gen. Rel. Grav. 17 223
[44℄ Collins C B and Lang J M 1987 Class. Quantum Grav. 4 61
[45℄ Coley A A and Tupper B O J 1990 Class. Quantum Grav. 7 2195
[46℄ Sussman R A 1991 J. Math. Phys. 32 223
[47℄ Darmois G 1927 Les equations de la gravitation einsteinienne, in Mémorial de Sienes
Mathématiques, XXV, Chapter V
[48℄ Israel W 1966 Nuovo Cimento B XLIV 4349
[49℄ Carr B J and Coley A A 1998 Self-Similarity in General Relativity Preprint (gr-q/9806048)
[50℄ Ori A and Piran T 1990 Phys. Rev. D 42 1068
[51℄ Bogoyavlensky O I 1985 Methods in the Qualitative Theory of Dynamial Systems in Astrophysis
and Gas Dynamis (Berlin: Springer)
Constrution of LRS perfet uids 23
[52℄ Carr B J and Yahil A 1990 Astrophys. J. 360 330
[53℄ Carr B J and Hawking S W 1974 Mon. Not. R. Ast. So. 168 399
[54℄ Biknell G V and Henriksen R N 1978 Astrophys. J. 219 1043
[55℄ Evans C R and Coleman J S 1994 Phys. Rev. Lett. 72 1782
[56℄ Maison D 1996 Phys. Lett. B 366 82
[57℄ Koike T, Hara T and Adahi S 1995 Phys. Rev. Lett. 74 5170
[58℄ Rosquist R and Jantzen R T 1985 Class. Quantum Grav. 2 L129
[59℄ Goliath M, Nilsson U S and Uggla C 1998 Class. Quantum Grav. 15 167
[60℄ Goliath M, Nilsson U S and Uggla C 1998 Temporally self-similar spherially symmetri perfet
uid models Preprint
[61℄ Carr B J and Coley A A 1997 A omplete lassiation of spherially symmetri perfet uid
similarity solutions Preprint
